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Abstract 

We conjecture a precise relationship between the Schur limit of the superconformal index 
of four-dimensional M = 2 held theories, which counts local operators, and the spectrum 
of BPS particles on the Coulomb branch. We verify this conjecture for the special case of 
free held theories, M = 2 QED, and SU{2) gauge theory coupled to fundamental matter. 
Assuming the validity of our proposal, we compute the Schur index of all Argyres-Douglas 
theories. Our answers match expectations from the connection of Schur operators with 
two-dimensional chiral algebras. Based on our results we propose that the chiral algebra of 
the generalized Argyres-Douglas theory (Afc_i, Aat-i) with k and N coprime, is the vacuum 
sector of the (/c, k + N) Wk minimal model, and that the Schur index is the associated 
vacuum character. 
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1 Introduction 

In quantum held theory there are two distinct fundamental notions which may be formu¬ 
lated: the algebra of local operators, and the Hilbert space of single-particle states. In free 
held theories there are simple relations between these quantities. A fundamental held 0(a;) 
may act on the vacuum state to create a particle at position x. Repeated action of the 
fundamental helds then produces multi-particle states which hll out the entire Fock space. 

This simple connection between operators and particles is broken in interacting held 
theories, where in general the action of a local operator on the vacuum creates a complicated 
spectrum of states. The situation is even more stark in the case of interacting conformal 
held theories which do not contain any single-particle states in their Hilbert space. 

Things may be better in theories with extended supersymmetry. In that case, there 
are protected local operators annihilated by some supercharges. On the other hand, after 
activating moduli and spontaneously breaking conformal symmetry, there is also a well- 
dehned particle spectrum which contains in particular BPS states. One may then ask if 
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there remains any connection between local operators and particles if we focus only on the 
subsectors of each which are protected by some supersymmetry. 

In this paper we propose a sharp version of such a connection in the context of four¬ 
dimensional M = 2 held theories. On the local operator side, we consider the so-called 
Schur limit of the super conformal index [1-3] 


X(g) = Tr (-l)^g 




( 1 . 1 ) 


Here the trace is over the Hilbert space of states on 5*^, or equivalently, the space of local 
operators. The quantity A is the scaling dimension, and R is the Cartan of the SU{2)r 
symmetry. This limit of the index has been widely studied [4-6] due to the fact that it has 
enhanced supersymmtery. It is related, in the context of class S theories, to g-deformed 
Yang-Mills theory [2,3,7-11], and most recently has made a prominent appearance in the 
connection of four-dimensional M = 2 theories to two-dimensional chiral algebras [12-15]. 

The quantity we compare to on the particle side has a more involved dehnition, using 
ingredients developed in [16-18] and especially [19]. The subtlety is that although any 
non-conformal vacuum has a well-dehned set of BPS states, the exact spectrum of such 
particles depends on the vacuum in question and jumps at walls of marginal stability. Since 
the index X(g) has no knowledge of the vacuum, we must therefore form a wall-crossing 
invariant generating function of BPS particles. 

A natural candidate emerges from wall-crossing formulas and the work of [19,20]. Specif¬ 
ically, there exists an operator 0{q) valued in a quantum torus algebra. This operator takes 
the schematic form 

rv 

0(q) = '[{e,{X,) . (1,2) 

Here the Eq{X^) are particular non-commutative operators and g ~ is a parameter 
controlling the commutation relations. There is one factor of Eq{X^) for each BPS state 
of electro-magnetic charge 7 , and the product is taken in the phase order of the associated 
central charge. 

According to the wall-crossing formula of [16], crossing a wall of marginal stability the 
individual factors change but the operator 0{q) is invariant. In particular, its trace con¬ 
structed via the techniques of [19] is therefore a wall-crossing invariant generating function 
of BPS states. Moreover, as noticed in [19], these traces have surprising connections to 
characters of two dimensional chiral algebras. This observation will play a crucial role in 
the following. 

With these preliminaries we may now formulate our conjectured relation between the 
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index X(g) and the spectrum of BPS particles as simply 


1 ( 9 ) 


11(1 - 9 * 


n=l 


2r 


Tr 


0(q) 


(1.3) 


where r is the rank of the Coulomb branch. When the theory has flavor symmetry, the 
index above may be further rehned using flavor fugacities.^ 

The general paradigm, that wall-crossing invariant generating functions of BPS states 
may be related to quantities like local operators dehned naturally at the origin of moduli 
space originated in [19-21]. For instance, in two-dimensional (2,2) theories there is a precise 
connection between the BPS soliton spectrum on the moduli space and the r-charges of 
chiral operators at the origin of moduli space [21]. A similar idea was studied in [19] where 
r-charges of chiral operators were also connected to BPS states in four-dimensions. Our 
conjecture (1.3) is inspired by those ideas, and the general philosophy of connecting moduli 
space physics to data at the conformal point, but differs from [20] which studies another 
limit of the index.^ 

One interesting aspect of the conjecture (1.3) is that it provides a connection between 
physics on distinct branches of moduli space. Indeed, the generating function of BPS states 
is, by construction, computed on the Coulomb branch. On the other hand, the Schur index 
X(g) can detect operators whose expectation values parameterize the Higgs branch. 

At a heuristic level, one may view our proposal (1.3) as follows. The prefactor multiply¬ 
ing the trace is the contribution of the r abelian vector multiplets arising on the Coulomb 
branch. Meanwhile the trace of 0(q) selects gauge invariant combinations of BPS particles 
which may be produced by acting on the vacuum with BPS operators. The conjecture (1.3) 
might be amenable to analysis via supersymmetric localization, and we leave any potential 
derivation as an interesting problem for future work. In the remainder of this paper we 
present the details of our proposal and subject it to various tests and applications. 

We begin in §2 with a detailed formulation of the conjecture including in particular 
the formalism needed to dehne the operator 0(q) and its trace. We also briefly recall 
the dehnition of the Schur index as a matrix integral in the special case of Lagrangian 
field theories. We hud it convenient to discuss the index X(g) even in the case where the 
four-dimensional theory in question is not conformal. Although we lack a first principles 
construction of such an index, we take as a working dehnition in Lagrangian held theories 
the naive generalization of the matrix integral to this case. The conjecture (1.3) naturally 
extends to this non-conformal setting. 

connection of the Schur index with the traces defined in [34] has also been suggested by A. Gadde. 

^We have been told that the connection between the Schur index and the traces of the BPS monodromy 
operator, as a refinement of the proposal of [20], has been recently formulated [22]. 
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In §3 we marshall evidence for our proposal. We evaluate independently both sides of 
(1.3) in the cases of free held theories, Af = 2 QED, and SU{2) gauge theory coupled to 
fundamental matter, including all possible rehnements by havor fugacities. In each case we 
hnd complete agreement. 

Lastly, in §4 we consider various non-trivial consequences of the conjecture. A par¬ 
ticularly natural application concerns the Argyres-Douglas superconformal held theories 
[23-27]. These theories are strongly-coupled with no known Lagrangian presentation, and 
little is known about their operator spectrum.^ They arise on the moduli space of more 
familiar gauge theories at special loci where electric and magnetic degrees of freedom be¬ 
come massless. These held theories may also be constructed in string theory or with M5- 
branes [29-32]. On their moduli space, the Argyres-Douglas theories have particularly 
simple BPS spectra [18,19,33-36], and evaluation of the BPS trace produces a natural 
conjecture for the Schur index. Using this idea we produce candidate expressions for the 
Schur indices of all Argyres-Douglas theories. 

There are a variety of consistency conditions satished by our proposal for the Schur 
indices of the Argyres-Douglas theories. For instance, the low-order terms in the series 
expansion in q indicate the expected operators with small scaling dimension. In particular, 
we correctly recover the known global symmetries of these models. 

A sharper check on our results comes from the fact that the operators contributing to 
the Schur index have the structure of a two-dimensional chiral algebra [12-15]. The central 
charges of these chiral algebras are inherited from those of the four-dimensional theory. This 
in turn leads to natural proposals for the Schur index of simple Argyres-Douglas theories as 
the characters of certain non-unitary minimal models [37,38]. We hnd that such characters 
are exactly reproduced by our calculations. 

The fact that traces of wall-crossing invariant operators ((P(g))"' produce characters 
of two-dimensional chiral algebras featured prominently in [19]. For instance, the trace 
of gives rise to the characters of unitary coset models. More relevant for our 

purposes, however, it was observed that characters of the (2,5) and (3, 5) Virasoro minimal 
models arise from the traces of 0{q)~^ and 0{q) respectively in the context of the A 2 
Argyres-Douglas theory, and a more general connection to non-unitary minimal models 
was anticipated."^ These relations between generating functions of BPS states and non- 
unitary minimal models established in [19] provide the key link in the conjecture (1.3) that 
we propose. 

Our work extends the observations and calculations of [19] to make contact with the 
specihc Schur index observable at the origin of moduli space. It would be interesting to 

^The Hilbert series for the Higgs branch of some of the [Ak-i, Am-i) Argyres-Douglas theories is 
computed in [28], which could potentially be related to the Hall-Littlewood limit of the superconformal 
index (see for example, [13]). 

■^See Section 9.6 of [19]. 
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generalize our calculations to the larger structure discovered in [19] involving traces over 
0{q) to fractional powers, and connections with the Verlinde algebra of the two-dimensional 
chiral algebras. 

As a particular sampling of our results with regards to non-unitary minimal models, our 
conjecture implies that the A 2 n sequence of Argyres-Douglas theories, dehned by Seiberg- 
Witten curve singularity 

^2_^^2n+1^0, (1.4) 

have Schur indices given by the vacuum character of the (2, 2n-|-3) Virasoro minimal model. 
Meanwhile, for the D 2 n+i series of Argyres-Douglas models we hnd the vacuum character 
of an SU{2) Kac-Moody algebra at level k 2 d = ~ 2 n^D’ -^4 theory the vacuum 

character of SU{3)_3. These results agree with the conjectures of [37,38]. In Eq and Eg 
theories, we encounter the vacuum characters of the (3,7) and (3,8) IT 3 minimal models 
respectively. Based on these results we are led to propose that the chiral algebra of the 
generalized [Ak-i, A^-i) Argyres-Douglas theory with k and N coprime is the vacuum 
sector of the non-unitary [k, k + N) Wk minimal model, and that the Schur index is the 
associated vacuum character. 

Finally, another signihcant check on our results for the Schur indices of Argyres-Douglas 
theories comes from the recent work [39,40] building on [41,42]. Using alternative argu¬ 
ments, the authors propose conjectures for the Schur index of the A 2 n+i and D 2 n Argyres- 
Douglas theories. In all cases we have examined our answer reproduces their expressions 
thereby providing additional evidence for both our work and theirs. 


2 Statement of the Conjecture 

In this section we explain the exact statement of our conjecture. We begin in §2.1 with 
a brief review of the Schur index. We discuss the behavior of its low-order terms as well 
as its dehnition in Lagrangian theories as a simple integral. Moreover, we propose a naive 
dehnition for this index for non-conformal Lagrangian field theories by simply extending the 
standard matrix integral dehnition. Next, in §2.2 we describe the wall-crossing technology 
needed to formulate the generating function of BPS states. We introduce the quantum 
torus algebra, and the operator 0{q) which behaves nicely under wall-crossing. Finally, 
in §2.3 we formulate the notion of trace of the operator paying particular attention to the 
subtleties that arise for theories with havor symmetry. We then state our conjecture. 
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2.1 Schur Index 


For the formulation of the Schur index we follow standard references [1-3]. In a general 
M = 2 conformal held theory with havor symmetry of rank n/ we may dehne the Schur 
index abstractly as a trace over the Hilbert space of states on or equivalently by the 
state operator correspondence, the space of local operators. Rehned by all possible havor 
symmetries this takes the form 


,Znf) 


Tr 


Yl 


^fi 


2=1 


( 2 , 1 ) 


where fi indicate Cartans of the havor symmetry group, A is the scaling dimension, and R 
is the Cartan of the SU{2)ji R-symmetry normalized to take integral values. 

The index R{q) is protected under continuous deformations of the theory and hence is 
frequently computable. A price that we pay for this simplicity is that the index does not 
count operators absolutely and non-trivial cancellations may occur. The hrst few terms 
in the series expansion however, are protected against cancellations. Specihcally, from the 
character decompositions of [3,43] one may deduce that if the theory in question does not 
contain any free sector and has rank Uf havor symmetry, then the hrst few terms in the 
Schur index (at vanishing havor fugacity) take the form 


I{q) — 1 + {nf)q + {c3)q^^‘^ + {jif + 1 + C4 — d^q^ + ■ ■ ■ . (2-2) 


This answer has several interesting features: 


• The coefficient of counts the unique unit operator in the theory. 

• The havor symmetry may be determined unambiguously from X(g). If the index is 
further rehned by havor fugacities as in (2.1) then the linear term is rehned to the 
character of the adjoint representation of the havor group. 

• The coefficients Cm are non-negative integers. They count Higgs branch type operators 
whose primary is a Lorentz scalar in the (m -|- l)-dimensional representation of the 
SU{2)ji symmetry, and with scaling dimension m. 

• The coefficient of q^ includes a contribution the havor currents, and from the unique 
energy-momentum tensor multiplet of the theory (the ohset by 1). The quantity d is 
a non-negative integer which counts the number of multiplets whose superconformal 
primary is a Lorentz scalar, in an SU{2)fi triplet, with scaling dimension A = 3, and 
with U{l)r charge ±2.® 

®Our convention for the U{l)r charge is such that the supercharges have U{l)r equal to ±1. 
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We will use this behavior of the low-order terms in the index as a simple consistency 
condition on our conjecture.® 


In the case of Lagrangain held theories the Schur index may be computed in the limit 
of zero coupling constants by a simple matrix integral. The ingredients in this calculation 
are the so-called single-letter partition functions for vector and half hypermultiplets. They 
are dehned by 


fiQ) 


2q 

1 -g ’ 



n /2 


(2.3) 


We also have need of the plethystic exponential dehned for a function of several variables 
by the operation 


P.E.[f{q,z)] = exp 


“ n 


n=l 


(2.4) 


Then, for a theory with gauge group G and hypermultiplet matter in a representation R of 
G, the (havor rehned) Schur index takes the form 


I(g, z) = / [dU] P.E. r{q)xG{u) + {q)XR{u)XF{z) 


(2.5) 


where in the above, [dU] denotes the Harr measure^ on the maximal torus of G, and xg, 
Xr, and xf are respectively the characters of the adjoint representation of G, the matter 
representation R, and the representation E of the havor group. 

As described above, the Schur index X(g) is dehned only for conformal held theories. 
Nevertheless, the integral (2.5) may clearly be dehned for any M = 2 theory with a La- 
grangian dehnition. We propose this matrix integral as a working dehnition of the “Schur 
index” for the case of non-conformal M = 2 theories. This dehnition is unsatisfactory since 
it is not clear how to extend it to general held theories, and even more worrying, it is not 
clear why this dehnition will give a protected observable. However we will see that, at 
least in cases we have computed, the non-conformal extension of X(g) is indeed a robust 
observable and in particular is also captured by the generating function of BPS states as in 
(1.3). Developing a more satisfactory theory of this non-conformal index is an important 
problem for future research. 


2.2 Kontsevich-Soibelman Operator 0{q) 

We now turn to the particle side of our proposal. The data entering our construction 
resides on the Coulomb branch of the M = 2 theory. In this phase the physics is infrared 

®As a point of caution, we stress that in theories with free sectors there are additional multiplets 
containing for instance the free fields or higher spin currents which modify the expression (2.2). 

^We normalize \dU] such that it has total integral one. 
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free and governed by a U{lY gauge theory. The massive spectra may be described in terms 
of particles carrying various electric, magnetic, and flavor charges. These charges reside in 
an integral lattice T equipped with an integer-valued antisymmetric Dirac pairing that we 
denote by {•, ■). 

A crucial role is played by the central charge Z. For each hxed vacuum modulus, Z is 
a complex-valued linear function on T. Its importance lies in the fact that the mass of any 
single-particle state of charge 7 G T obeys 

M>|Z(7)|. (2.6) 


Particles whose masses saturate the above bound are BPS. They are annihilated by some 
of the supersymmetries. As a result, they may be frequently computed even at strong 
coupling using a variety of distinct methods. 

For each hxed charge 7 G F the spectrum of one-particle BPS states is captured by an 
index, the protected spin character [18]. The particles are in representations of the SU{2)j 
little group and the SU{2)ji /^-symmetry group. Upon factoring out the center-of-mass 
hypermultiplet, the one-particle Hilbert space of charge 7 is 


= 


( 2,11 


( 1,21 




(2.7) 


where Hintij) is some representation of SU{2)jxSU (2)^^ which encodes the internal degrees 
of freedom of the particles. The protected spin-character is then the trace 


n{j,y) = TrH,„, 



uGIa 


( 2 . 8 ) 


where J is the Cartan of the SU{2)j little group, and R is the Cartan of the SU{2)ji 
symmetry. The quantities Dn(7) are thus integers which encode the spin content of BPS 
particles of charge 7. 

The spectrum of BPS particles (and hence the collection of integers f2„(7)) is stable 
under small deformations in parameters. However, as moduli are varied the phases of central 
charges for distinct 7’s may align. These loci are the walls of marginal stability. When 
crossing such a wall, the BPS spectrum may jump. The changes in the BPS degeneracies 
are controlled by wall-crossing formulas [16,17] which we now review. 

To begin, for each 7 G F, we introduce a formal variable X^. These variables obey a 
quantum torus algebra^ 

X^X^, = q^X^+^, = q^^'^"^X^,X^ . (2.9) 


In this equation g is a formal variable controlling the non-commutativity of the algebra. In 



our final proposal relating BPS particles and indices, we will see that q is reinterpreted as 
the Schur index fugacity parameter. We also dehne a function, the q-exponential, as 


E,(z) = '^(1 + 

2=0 


oo 


E 

n=0 


{—q^^zY 

(g)n 


where we use the standard dehnitions of the g-Pochhammer symbols 


1 if n = 0 , 

- f ) ‘f n > 1 ■ 


( 2 . 10 ) 


( 2 . 11 ) 


The basic fact that makes wall-crossing formulas possible is that, when evaluated on 
elements of the quantum torus algebra, products of the functions Eq{z) obey remarkable 
identities. The simplest of these is 

Eq{X^-^)Eq[X^Y — -^9(^72)-^9(^71+72)-^9(^72) 1 ( 2 - 12 ) 

for charges 7 ^ with ( 71 , 72 ) = 1. This equality encodes the most simple wall-crossing process 
where a single hypermultiplet disappears across a wall. 

Returning to the general story, we may now phrase the consequence of the wall-crossing 
formula which we require. For each charge 7 G P we build the following element of the 
quantum torus algebra using the g-exponential ( 2 . 10 ) and the protected spin character ( 2 . 8 ) 

U^ = W F;g((- 1 ) . (2.13) 

nGZ 

Note that in simple chambers where there are only hypermultiplets, all of the reduce to 
g-exponentials. 

We then form an element 0{q) in the quantum torus algebra by taking a product over 
all the 

r\ 

0{q) = '[{u,. (2.14) 

7 er 

Since the quantum torus algebra is non-commutative we must prescribe a specihc order 
to the above product. This is achieved with the central charge. Specihcally, we pick an 
arbitrary phase 9 in the central charge plane. We then dehne 0{q) to be the product over 
all the taken in order of the phase of ^( 7 ) with operators of smallest phase on the left. 
Dehned in this way the resulting operator 0{q) depends upon the initial phase 6. We will 
ultimately see that this ambiguity drops out of our index prescription. 

We refer to the element 0{q) as the Kontsevieh-Soibelman (KS) operator. Because of 
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CPT invariance, the product over the hrst sector of phase tt in the central charge plane 
may be interpreted as arising from particles, while the product over the second sector of 
total phase tt may be interpreted as arising from antiparticles. The KS operator therefore 
samples the entire BPS particle spectrum of the theory. The content of the wall-crossing 
formula is that 0{q) is in fact independent of the Coulomb branch vacuum. Therefore, 
as observed by [19-21], any quantity constructed out of 0{q) has a chance to reproduce 
aspects of the quantum field theory dehned at the origin of moduli space. 

Let us also clarify the relation of our operator 0{q) to the BPS monodromy M{q) 
appearing in [19]. Up to insignihcant details in conventions, we have the relation 

0{q) = M{q)-^ . (2.15) 

Both expressions are wall-crossing invariant and may be used to dehne invariant quantities 
at the origin of moduli space following the general philosophy of [19-21]. In [19] traces 
of various powers, positive, negative, and even fractional, of 0{q) were considered and 
connected to characters of two-dimensional chiral algebras. Our conjecture relates traces 
of 0{q) to the Schur index. It would be interesting to hnd similar direct interpretations of 
traces of these various powers in terms of local operator counting at the origin of moduli 
space. 


2.3 Trace of 0{q) and the Schur Index 

We are at last in a position to precisely dehne the BPS generating function that we claim 
is related to the Schur index. We use the notions of trace dehned in [19]. 

We begin in the simplest case where there is no havor symmetry and subsequently relax 
this assumption. We dehne a trace operation on the quantum torus algebra by specifying 
its action on generators and extending linearly 

Tr[.W = /] (2.16) 

(0 else . 


Note that with this dehnition the trace is cyclic (for instance = Tr[X.yW^]). This 

cyclic property enables us to form an unambiguous notion of the trace of the operator 0{q). 
Indeed recall from the dehnition (2.14), that 0{q) depends on an initial phase 9. As 9 is 
varied, the factors reorder cyclicly so that the trace is unmodihed. 

With this understanding, we may now state our conjectured relation between the Schur 
index and the trace of 0{q) as 


1(9) 


(9eTr 0(9) 


(2.17) 
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where as above r is the rank of the Coulomb branch. 

When the M = 2 theory has flavor symmetry the notion of trace and the statement of 
the conjecture must be rehned. Flavor charges enter into the discussion as elements of the 
charge lattice F with trivial Dirac pairings. Thus, 7 is a flavor charge if and only if for all 
7 ' G F we have 

( 7 , 7 ') = 0 . (2.18) 

It then follows from the dehnition of the quantum torus algebra (2.9) that if 7 is a flavor 
charge the associated element is central i.e. 

= X^,X^ , V 7 ' e F . (2.19) 


To extend the notion of trace to this case, we allow the traces of the flavor charges to 
be general non-vanishing numbers, and we define the trace of any element in terms of these 
choices. Thus, pick an integral basis 7 /. G F for the flavor charges. For a general element 
X^ we define 

n.TVIW,.]"’' {7,T') = 0V7'6r, 

0 else , 

where fi{'y) are the flavor charges of 7 . So defined, the trace of any element of the quantum 
torus algebra, (in particular 0{q)) is a function of q and of the Uf variables Tr[X^^ ] where 
i = 1 , • • ■ , n/ runs over a basis of the flavor charges. 

We may now again connect the trace of 0{q) to the flavor rehned Schur index. We 
conjecture that 




,z„) = (<()S Tr[C'(<,)] (Tr[X,,,Tr|X„j) 


( 2 . 21 ) 


To fully specify this proposal, the havor fugacities Zi in the index must be related to traces 
of the havor generators. Thus, for each i we must specify functions hi as 


Tr[X^^J = , Zrif) . (2.22) 

The functions hi{z) are model (and basis) dependent. In practice they may be hxed by 
examining the low-order terms in the index and matching, for instance, the linear coefficient 
in q to the character of the adjoint representation as explained in ( 2 . 2 ).® 

Before concluding we should also note a signihcant technical point that requires further 
development. The trace operations dehned here can be readily evaluated on hnite sums 
of elements of the quantum torus algebra. However the operator 0{q) whose trace we 

®In examples it is also the case that the functions hi do not in general evaluate to one at = 1. Thus 
the hi must be determined even if one wishes to compute the unrefined index. 
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desire is an infinite snm. In practice, the only way that we know to evalnate the trace is 
to expand the inhnite sums and to commute the order of trace and summation. While in 
the simplest examples that we describe in §3 and §4 this gives a well-behaved answer, in 
more complicated examples the resulting sums do not appear to converge absolutely. This 
obstructs us from testing our conjecture in these examples. For instance SU{2) Nf = 4 
Yang-Mills is of this type. To understand these BPS traces more directly in such examples 
is necessary to make (2.21) into a universally calculable tool. 


3 Tests of the Proposal 

In this section we study simple examples of the conjectured relations (2.17) and (2.21) 
between the Schur index and the trace of 0{q). In all theories where we have independently 
computed both quantities we hnd perfect agreement. This is true even in examples which 
are not conformal, where we use the matrix integral (2.5) to extend the dehnition of the 
Schur index to this case. 

We begin in §3.1 by considering the simplest models of free held theories. In these 
cases, the quantum torus algebra is trivial and the relationship can be proven using simple 
identities obeyed by the g-exponential. Next in §3.2, we consider the infrared free theory 
of A/” = 2 QED. This is the simplest example with non-trivial torus algebra and again the 
conjecture can be proven using functional identities. Finally in §3.3, we study examples of 
SU(2) gauge theory coupled to fundamental matter. We consider the cases Nf = 0,1,2,3 
and verify the conjecture including the dependence on havor fugacities.® 


3.1 Free Field Theories 

3.1.1 U{1) Vector Multiple! 

Let us start by considering the free theory of a U{1) vector multiplet. This theory has no 
havor symmetry. There are no massive BPS states so the KS operator is trivial. The Schur 
index is given by 


I^iq) = RE. [fiq)] = exp 


OO 


E 

n=l 


1 -2g" 
nl — q^ 


(3.1) 


where f^{q) = is the single-letter partition function for a vector multiplet and P.E. 
is the plethystic exponential P.E. [/(g,^;)] = exp We can rewrite the 

®As explained in §2.3, the case Nf = 4 cannot be evaluated using our current understanding since the 
trace of 0{q) does not absolutely converge. 
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exponent as 


E 

n=l 


1 -2g” 
nl — 


00^00 OO 

-2 E ^ E «'■” = 2 E ‘°s(l -/■"')= 2 log|(5)„„l. 

n=l fc=0 fc=0 


Therefore, we find agreement with our conjectured relation (2.17) 


I''(9) = (9)^ 


(3.2) 


(3,3) 


3.1.2 Free Hypermultiplet 

Having checked the free theory of a single vector multiplet, let us move on to the case of 
a free hypermultiplet. This theory has an Sp{l) = SU{2) flavor symmetry whose fugacity 
will be denoted by ; 2 . The charge lattice T of this free theory is real, and one-dimensional 
corresponding to the SU{2) flavor symmetry and the quantum torus algebra is commuta¬ 
tive. The only BPS particle is the hypermultiplet state itself and there is no wall-crossing 
phenomenon. We denote the lattice vector of this hypermultiplet state by 7 G T and the 
corresponding generator in the quantum torus algebra by X^. We normalize the trace of 
the generator as 


Tr[X..^] = . 


The KS operator is given by 

0{q) = E,{X.,)E,{X,) . 

Its trace is obtained by replacing X^ by — 2 :, 

Tl' [0(9)1 = E,{-z-')E,(-z). 

Using the identity 


E,i-z) :=l[il-q^+h)-^ = exp 

i=0 

we can rewrite the trace as 

Tr [0{q)] = exp 


00 n 

^ n 1 — g" 

n=l 


00 n 

E-T^(9" + 9-”) 

n=l 


(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 
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On the other hand, the Schur index of a free hypermultiplet is given by 

OO ^ n 

I„(g,z) = P.E.\fi«(g)(z + z-')\=exp , ( 3 . 9 ) 

L J nl — 

_n=l ^ 

^ 1 

where f^^{q) = is the single-letter partition function for a half-hypermultiplet. Indeed, 
we see that the our proposal 

I^{q,z) = TT[0{q)] , (3.10) 

is satished. Note that there is no Coulomb branch in the free hypermultiplet theory, r = 0, 
so the prefactor (g)^ in (2.21) is trivial. 

3.2 QED 

Consider the non-conformal theory of a U{1) vector multiplet coupled to a hypermultiplet 
with one unit of U{1) charge. The would-be flavor symmetry of the hypermultiplet is 
gauged so there is no flavor symmetry left. The Coulomb branch of the theory is complex 
one-dimensional and the charge lattice T has real dimension two. The only BPS particle 
in this theory is the hypermultiplet state. We will denote the charge lattice vector for the 
hypermultiplet by 7 and the corresponding generator by X^. Since there is a nontrivial 
Dirac pairing on the charge lattice T, i.e. 7 does not commute with every element in T, 
the trace of is zero, Tr[X.y] = 0. 

The KS operator is given by 

0{q)=E^{X_,)E,{X,). (3.11) 

The trace projects out the constant term in X^, 

1 V| 0 (,)| = 5 ^ IV * ,! X-z-,X,z (3.12) 

Meanwhile, the index for this non-conformal theory computed at zero coupling is 
XQED(g) = 1^^ ^ P.E. [f^{q) + /^^(g)(C^ -t- 

00 

exp 

_n=l 
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We can evaluate the integral in 6 more explicitly as follows. Using (3.7), we have 


^qed(q') 



k/=0 


k+e 

q 2 



i(-k+i)e 

27r 


(3.14) 


Hence we have verihed that 


^QED(g) = {q)l Tr[0(g)] . 


(3.15) 


3.3 SU{2) with Matter 

The Schur index evaluated at the zero coupling point for the M = 2 SU{2) theory with Nf 
fundamental hypermultiplets can be uniformly written as 


(*27r 


^SU{2),Nf{q) = - 
71 


dd sin^^P.U. 


f{q)Xs^\e) + Nfp^{q)X2^\e) 


(3.16) 


where {0) = e*® + and {0) = + 1 are the characters for SU (2) in 

the fundamental and adjoint representation respectively, and ^ sin^ 6d6 is the normalized 
Haar measure. 

In the case Nf > 0, the theory has an SO{2Nf) flavor symmetry and we will further 
weight the index by the corresponding fugacities. We will consider the case where the bare 
mass of the hypermultiplet is zero and the central charges of the BPS particles therefore 
satisfy certain linear relations. 

Throughout, we evaluate the trace of 0{q) in the strong-coupling chamber where there 
are only a hnite number of hypermultiplets. The charges of these states are conveniently 
encoded by the BPS quiver [19,34-36]. Each node of the quiver represents a hypermultiplet 
and the Dirac pairing {Xiilj) is read off from the number of arrows from node i to node 
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Figure 1: The BPS quiver for the J\f = 2 pure SU{2) gauge theory. 


3.3.1 Pure SU{2) 

The M = 2 SU{2) gauge theory with no matter is our hrst example where there is a 
nontrivial wall-crossing phenomenon. The BPS quiver is shown in Figure 1. There are 
two chambers in the Coulomb branch. The weak-coupling chamber dehned by arg^( 7 i) > 
arg^( 72 ) has inhnitely many BPS particles, whereas the strong-coupling chamber 

argZ(72) > argZ(7i) , (3.17) 

has only two particles, the monopole 71 and the dyon 72 . Their Dirac pairing is ( 71 , 72 ) = 2. 
There is no flavor symmetry in this theory. 

The KS operator written in the strong coupling chamber is 

0 («) = . ( 3 . 18 ) 


The trace of the KS operator can be computed as follows 


T''10(9)] = E 


ki,k 2 ,£1/2=0 


^1,^2,•^ 1 / 2=0 


^ (^ 1 +^ 2 +-^ 1 +^ 2 ) 

i(!)ki{q)k2{q)£i{q)£2 

''_J^^/>ll+/il2H“'^lH“'^2 (^1+^2+^ 1 +^ 2 ) 


Tr 


(3.19) 


iq)ki{q)k2 


y ^2iik2 r v-ki+ii Y-k2-\-h~\ 


where we have used the commutation relation in the quantum torus algebra (2.9) X^^X^^ = 
Finally, by noting that Tr[X..yj] = Tr[X.y 2 ] = 0, we have 


Tr[0(g)] = 


E 


q/ 2 =o 


q£i+£2+‘i£i£2 


(3.20) 


^*^Note that the quiver encodes only the particles, there are also an equal number of antiparticles with 
opposite charges. The fact that the nodes of the quiver are the only stable states is special to this particular 
chamber of moduli space. In other chambers, non-trivial bound states of the node particles exist. See 
e.g. [44,45] for a systematic calculation for both the gauge theory and Argyres-Douglas examples. 
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We therefore obtain a g-expansion for 


(«)^T1'[0(5)] = ! + «" + <)» + «■" + <)“ + 


(3.21) 


On the other hand, the Schur index is given by 

1 

_ _ / 


X5f/(2),v,=o(g) = - / de sin^ 9 RE. [f{q){e^^^ + e-^^^ + l)] 
Jo 


= 1 + + g6 + gl2 ^ g20 ^ ^ 


which indeed agrees with our proposal 


(3.22) 


J^su{2),Nf=oiq) - (Q')LTr[0(g)]. 


(3.23) 


3.3.2 SU{2) with Nf = 1 


73 



Figure 2: The BPS quiver for the A/” = 2 SU{2) gauge theory with one hypermultiplet in 
the fundamental representation. 

The A/” = 2 SU (2) gauge theory with one hypermultiplet in the fundamental represen¬ 
tation has an S'0(2) flavor symmetry, whose fugacity will be denoted by 2 :. The BPS quiver 
is shown in Figure 2. There is a strong coupling chamber with the following BPS phase 
order 


argZ(72) > argZ(73) > argZ(7i), (3.24) 

where the only BPS particles are the nodes 71 , 72 , 73 . The lattice vector 7 ^ corresponding 
to the flavor symmetry is 

7/ = 7i + 72 - 73 • (3.25) 

By dehnition, ( 7 /, 7 ) = 0 for all 7 G F. We normalize the trace of the flavor generator as 

Tr[X..y^] = 2 ^ . (3.26) 
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The KS operator is 


0(q) = B,(X_,,)B,(X_,,)£),(A'_„)B,(A',,)B,(X^ 3 )B,(A',J . 

By expanding out Eq{x), the trace of the KS operator becomes 


(3.27) 


'IV|0(9)l = Y. 


ki,k2,k3=0 




rp r x^/ci X^fca X^/C2 vil vis vi 2 ~\ 

ir • (3.28) 


We can compute the trace of six generators with the help of the quantum torus algebra 
(2.9), 


Ay,Ay,Ay,A';A'>A'j = Ag, a‘>,a';a'>A7'-’+'» 

_ ^(^l+-^3)^2+^1^3 V — ^ —^3+-^3 ^ — ^2+^2 

q ^71 ^"73 ^12 


73 


72 


Finally, using 7 / = 71 + 72 — 73 we can write 


vn _ -L^n _ V 

A73 A,.^^ q A..^^ A, 


71+72-7/ 


71 7/ 


Plugging this into (3.28) and (3.29) we obtain 
Tr[(P(g)] 


E 


( _1 '|E7i(^»+ 7)^| Ei=l(^i+7)—|(fc3—.^3)^ + (^l+.^3)fc2+^lfc3 

^^ ^-^2(fc3-^3) A 


(3.29) 


(3.30) 


ki ,k2 ,k3=0 


Ui=ii(l)kMei 


ki+ks/i+is ^k2+k3 ,£ 2 + 1^3 


(3.31) 


We therefore obtain a g-expansion for 

{q)lTT[0{q)] = l + q+ + 2 - q^ + (^-^ + 2 - q^ + (^-^ + A - 2z^^ q^ 

+ (^— - — + 5 - 3^^ + g® + (^— - — + 8 - 52 :^ + g® H . (3.32) 
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On the other hand, the Schur index computed at the zero coupling is 


1 i'2tt 

Isu( 2 ),Nf=iiq:Z) = - / dOsin^RE. + 1) + iq)iR^ + e-^^){z + z-^) 

^ Jo ^ -I 

+ ^— - ^ + 5 - 32^ + 2 “^ 5 ^^ + + ^ + 8 - 52^ + 2 “^ 5 ® H , (3.33) 

which agrees with Isu( 2 ),Nf=i{q, z) = (g)^ Tr[(9(g)] as a function of two variables. 

3.3.3 SU{2) with Nf = 2 

73 



74 

Figure 3: The BPS quiver for the N = 2 SU{2) gauge theory with two hypermultiplets in 
the fundamental representation. 

The J\f = 2 SU{2) gauge theory with two hypermultiplets in the fundamental repre¬ 
sentation has an S'0(4) flavor symmetry, whose fugacities will be denoted by zi,Z 2 J^ The 
BPS quiver is shown in Figure 3. There is a strong coupling chamber where 

argZ(7i) = argZ(72) > argZ(73) = argZ(74). (3.34) 

In this chamber the only BPS particles are the nodes 71 , 72 , 73 , 74 . The lattice vectors for 
the flavor symmetry are 

7/1 = 7i - 72 , 7/2 = 73 - 74 • (3.35) 

Our convention for the character is, for example, -^2) = (zi + zf^)(z2 + z^^)- 
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We will normalize the trace of the flavor generators to be 


= * = 1 , 2 . 


(3.36) 


The trace of the KS operator can be similarly evaluated to be 




£i,-" ,£ 4 , 
ki,--- ,/c4=0 


ni=i(Q)kAQk 


(3.37) 


E 


£i,-" ,£4, 

ki ,••• ,/c4=0 


^ 1 (fe^+A) + (fel+fe2)(^3+^4) 


Tr 


i=l 


—ki -\-£i 

7i 


Now using (3.35), we can perform the following replacements, 


Y _ Y Y 

^71 ^ 72 ^ 7 /^ 


Y _ Y Y 

^73 ^ 74 ^ 7/2 


(3.38) 


and obtain the hnal expression for the trace of the KS operator, 


Ti|0(9)1 = E 


,£ 4 , 

ki ,••• ,/c4=0 


We therefore obtain a g-expansion for 


gEtl^^ + hl+^2)h3+^4) 

UlM)kAQk "" 


6k 


ki+k2,£i+£26k3+k4,£3+£4 ■ 


(3.39) 


(.)tTr[0(,)i = 1 + (xfht+xSr)«+ +vhf++ vdf+ 4T) 

vdt+xsr++xfsr+2vs>+xSf+xfs’+xsr) +■ ■ ■. 


(3.40) 


where ^ 2 ) is the character of S'0(4) in the representation R. 

Meanwhile, the index for the SU ( 2 ) gauge theory with two flavors is 


-27r 


^SUi2),Nf=2{q, Zl, Z2) — — 

71 


dO sin^ 6 


'0 


X P.E. 


+ 1) + /t"(g)(e*^ + e-*7x"T(^i> ^ 2 ) 




( 2 , 2 ) 


(3.41) 


=1+(xfhr+xst)«+(xfdf+xfhf+xfdf+xfsr+xst) 


+ (xfdf + + 2xfh7 + xfdf + 2X?S?> + xSt + xfS' + xSf) + ■ ■ ■ . 
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This agrees with Xsu{ 2 ),Nf= 2 {,(l)Zi,Z 2 ) = (g)^Tr[(9(g)] as a function of three variables. 
3.3.4 SU{2) with Nf = 3 


72 



Figure 4: The BPS quiver for the Af = 2 SU{2) gauge theory with three hypermultiplets 
in the fundamental representation. 


The M = 2 SU{2) gauge theory with three hypermultiplets in the fundamental repre¬ 
sentation has an SO{6) flavor symmetry, whose fugacities will be denoted by zi,Z 2 ,Z 3 ^^ 
The BPS quiver is shown in Figure 4. There is a strong coupling chamber where 

argZ(7i) > argZ(72) = argZ(73) = argZ(74) = argZ(75) . (3.43) 

In this chamber the only BPS particles are the nodes 71, 72, 73, 74, 75. We will choose the 
basis for the flavor symmetry to be 

1 11 
7/1 = I (-72 - 73 - 74 + 375) ,7/2 = 2 ( A 2 - 73 - 74 + 75) ,7/3 = 1 (72 + 73 - 374 + 75) , 

(3.44) 

and normalize the trace of the flavor generators to be 

Tr[X^^^]=Zi, i = 1,2,3. (3.45) 

This basis will turn out to be the most convenient choice when comparing with the index. 
^^Our convention for the SO{6) character is, for example, 

Xe^^^\zi,Z2,Z3) = Z2 +ZiZ 2^Z3+Z^^Z3+ ZiZ^^ + + Z2^ ■ ( 3 . 42 ) 
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The trace of the KS operator can be similarly computed to be 


T''!®!?)] = E 


^= Ei=l(^i+^i)+^l Ei=2 ^ 


fcl,--- ,^5=0 




-Tr 


nx 

i=l 


It 


(3.46) 


Now using (3.44), we can perform the following replacements, 


Y _ Y Y 

^^72 75 ^ 77 ^^ 7/2 


Y _ Y Y~^ Y~^ Y 

v ^73 


X,, = x,,x-lx-l 


(3.47) 


and obtain the hnal expression for the trace of the KS operator. 


°° gEf=l^i+^lEL 2 ^i 


Tr[Ofe)]= E -fWTTT^*' 


— (£2 — ^ 2 )+ (^5 — ^ 5 ) 


fcl,". ,fc5=0 


(3.48) 


X X. 


h2-fc2)-h3-fc3) .,h3-fc3)-h4-fc4) 
Zo 




Ei =2 ^*iEi =2 

We therefore obtain a g-expansion for 

( 9 )LTr[ 0 (g)] = 1 + 2:2, zz)q + (^^i, ^2, X3) + ■ ■ ■ . 

(3.49) 

Meanwhile, the index for the SU (2) gauge theory with two flavors is 


IsUi2),Nf=3{(!, Zi, Z2, Z3) 


r- 27 r 


d^sin^^P.E. 


TT 


/''(«)(e“» + e-““ + 1 ) + + e-")xr"”(^i.^ 2 ,^s) 


.,2ie I ^-2i6» 


\H 


id j ^-id\^SO{6)i 


= ^ + Xi?^^\zi, Z2, Z3)q + {zu Z2, Z3) q'^ + ■ ■ ■ , (3.50) 


which agrees with Isui 2 ),Nf= 3 {(l, zi, Z 2 , Z 3 ) = (g)^ Tr[(9(g)] as a function of four variables. 


4 Applications to Argyres-Douglas Theories 

In this section, we assume the validity of our conjecture (2.21) and apply it to compute 
the index of the strongly-coupled Argyres-Douglas conformal held theories [23,24]. These 
theories are labelled by and ADE singularity plane curve singularity which describes the 
(singular) Seiberg-Witten curve at the conformal hxed point. 

The BPS spectra of the Argyres-Douglas theories is known [18,19,33-36]. As discovered 
in [19], for all models, there is a chamber where the only BPS particles can be represented 
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as a node of the associated ADE quiver diagram and every node is either a sink (all arrows 
coming in) or a source (all arrows going out). We will refer this to the sink/source chamber. 
The only BPS particles in the sink/source chamber are those corresponding to the nodes 
with the following phase order 

aigZiji) > argZ( 7 j), for all / G sink, J G source. (4.1) 

We will use the indices J, I' for the sink nodes and J, J' for the source nodes. 

The KS operator can then be written uniformly as [19] 

o{q)= n n n n (4.2) 

J'Gsource /'Gsink JGsource /G sink 

We evaluate the trace of this operator and use it to predict the index. 

A strong check on our results comes from recent work connecting chiral algebras to 
four-dimensional M = 2 theories [12-14]. Specihcally, it is known that the operators that 
may contribute to the Schur index form the structure of a two-dimensional chiral algebra. 
Moreover the central charges of this chiral algebra are inherited from four dimensional 
central charges as [ 12 ] 

1 

C 2 d = — 12C4rf , k 2 d = ~2^4:d , (4.3) 

where C 2 d is the two-dimensional central charge, and k 2 d is the level of a flavor symmetry 
(if any is present). Based on these results, one expects the Schur index to be modular with 
the given C 2 d- Since the central charges 04 ^ of the Argyres-Douglas theories are known, this 
provides a prediction for our calculations. Moreover, as anticipated from the work of [19] 
the trace of 0 {q) should also be related to a non-unitary minimal model. 

Our results match perfectly with these expectations. In the series A 2 n, D 2 n+i, D 4 , and 
Eq and Eg we hud characters of non-unitary minimal models or Kac-Moody algebras with 
known 2d central charges exactly agreeing with (4.3). Interestingly in the A 2 n case, the q 
series we produce appear similar to the fermionic representation of Virasoro minimal model 
characters appearing in [46,47]. 

As another consistency condition, we observe that in the case of the A 2 n+i and D 2 n 
Argyres-Douglas theories, our formulas agree with the recent results of [39] derived by 
different reasoning. 

Bolstered by these calculations, we conclude in §4.4 with a proposal for the generalized 
Argyres-Douglas theories of type (A^-i, Aat-i). Specihcally, we conjecture that for k and 
N coprime, the chiral algebra of this theory is the vacuum sector of the non-unitary 144 
(/c, k -|- N) minimal model, and that the Schur index is the associated vacuum character. 
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4.1 An Theories 

4.1.1 42n 


7l 72 73 72n-l 72n 

O-O-O--O-O 


Figure 5: The BPS quiver for the A 2 n Argyres-Douglas theory in the sink/source chamber. 


For the A 2 n Argyres-Douglas theory, the Ad central charge is cm = gl^n+sj [30,32,48,49]. 
There is no flavor symmetry. From the Ad/2d relation C 2 d = —12c4rf, we determine the 2d 
central charge of the chiral algebra to be 


C2d — 


2n(6n -|- 5) 
2n -|- 3 


(4.4) 


On the other hand, for two coprime integers p and p', the central charge of the {p,p') 
Virasoro minimal model is given by 

c'^|(p,p') = 1-67:7^, (4,5) 

pp 

where the superscript (2) indicates that this is a minimal model of the Virasoro algebra. 
We recognize C 2 d in (4.4) as the central charge of the {p = 2,p' = 2n + 3) Virasoro minimal 
model. 

Indeed, we will see that the Schur index of the A 2 n Argyres-Douglas theory is the vacuum 
character of the (2,2n -|- 3) Virasoro minimal model as conjectured by [37,38]. This is an 
extension of the calculations of [19] where it was found that, in the case of the A 2 model, 
the trace of 0{q)~^ is closely related to the character of the non-trivial primary in the (2, 5) 
Virasoro minimal model, and conhrms their more general expectation of a link between 
traces of powers of 0{q) and characters of non-unitary Virasoro minimal models. 

We will work in the sink/source chamber where all the even (odd) nodes are sinks 
(sources). The KS operator 0{q) is then given by (4.2). By expanding out Eq{x) as in 
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(2.10), the trace of the KS operator can be written as 


Tr|0(g)] 

n Ai;, n n n 

J'Sodd /'Seven JSodd /Seven 

( 4 . 6 ) 

By passing H/'seven through njsodd"^ 7 j’ up a power of q from the quantum 

torus algebra (2.9), 


OO 

/l,--- ,/2n, 

fcl,-" ,k2n=0 


.l)E£l(fci+4)g|E?"l(fc.+«b 


Tr 


If A'E If A,'; 

/'Geven JGodd 


+^3(^2+^4) + " •■^2n-l(/!l2ri-2+fc2n) n 

JGodd /'Geven 


( 4 . 7 ) 


It follows that 

TrlO),)] = 


E 


^ qiik2-\-i3(f^2~\~^4)~\ -'^2n—1 (^2ri —2 + ^2n) 




/2n, 

,k2n=0 


X Tr 


n A,'r‘' n A,'; 

Le/Godd /Geven 




( 4 . 8 ) 


Finally, since there is no flavor symmetry, we have Tr[X..yJ = 0 for all / = 1, • ■ ■ ,2n. 
The trace then enforces a Kronecker delta associated to each node. Assuming our 
conjecture X^ 2 „('?) = ('?)^Tr[(!l(g)], we arrive at our hnal formula for the Schur index of 
the A 2 n Argyres-Douglas theory 




q 


E?=Ai+E£r'«i+i 


lUZMe.? 

It will be more illuminating to write the answer as 


( 4 . 9 ) 


IaJm) = (9)t” E 

il,--- ,/2n=0 


q 


W2n . _|_ly^2n . ^ „ 

A^i=l ' 2 ^1,3 = 1 ij 


n?:.[(9k 


( 4 . 10 ) 


where 


bf- = -Ct^-+25„, ( 4 . 11 ) 

with the Cartan matrix of A 2 n- We will see similar expressions for other Argyres- 
Douglas theories. 
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On the other hand, the vacuum character of the {p,p') Virasoro minimal model is given 
by (see, for example, [50])^^ 


Ap,p') 

AO 


_ i(c( 2 )(py)-i)_ 


(?) = ? 


(?)c 




{2ppU+p-p')‘^ 

1 4pp' 


(2pp'£-\-p+p')^ 
q 4:pp' 


(4.12) 


with c^‘^\p,p') = 1 — ■ 

We conjecture that the Schur index (g) of the A 2 n Argyres-Douglas theory equals 
to the vacuum character (g) of the (2, 2n -|- 3) Virasoro minimal model. Let us 

examine this conjecture in the A 2 theory. The Schur index has the following g-expansion. 


^A2{q) = {q)lo 


“ gii+e2+iie2 

2 I ^3 I ^4 I 5 I 0^6 I nA I q^8 I 0^9 I 4^10 I 4^11 I 


(4.13) 


= 1 + Oj + (/' + (/■’ + g* + (/“ + 2(/“ + 2q' + 3if + 3rf + 4//" + 4j“ + 6(/“ + 


On the other hand, the (2,5) Virasoro minimal model vacuum character can be expanded 
as 




(?)c 


E 

iez 


(20£-3)^ {20£+7y 

q 40 — q 40 


(4.14) 


= l+0q +if+ r/+ q‘+ + 2rf + 2q' + 3/ + 3f‘ + iq'” + 4q" + 6q''-‘ + 


Incidentally, the vacuum character of the (2,5) Virasoro minimal model is known to be 
equal to the Rogers-Ramanujan function H{q) := ^{q)7' 

The Schur index for the A 4 Argyres-Douglas theory is 


^aM = {q)to E 


qil+l2+i3+i4+£li2+£2l3+i3t^4 

°"i4,eM4=o Mir(^)^2iq)e3iq)i4? 


(4.15) 


= 1 + Og + g^ + g^ + 2g^ + 2g^ + 3g® + 3g^ + 5g® + 6g^ + 8g^° + 9g^^ + 13g^2 + ■ ■ ■ 


On the other hand, the vacuum character for the (2,7) Virasoro minimal model is 



E 


((28l-5p {2U+9p 

g 56 — q 36 


(4.16) 


= 1 -I- Og -I- g^ -I- g^ -I- 2g"^ -|- 2g^ -|- 3g® -|- 3g’^ -|- 5g® -|- 6g® -|- 8g^° -|- 9g^^ -|- 13g^^ 


As a further consistency check, we notice that the hrst few terms in the vacuum character 
normalize the character such that the leading term is 1. 
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of a Virasoro minimal model have the following universal form, 


X?’'"^3) = i + 0g + g2 + -- - , (4.17) 

which has the desired property for the Schur index of the A 2 n Argyres-Douglas theory. 
Indeed, as discussed in (2.2), the vanishing of the linear coefficient implies the absence 
of any flavor symmetry, and the 1 for the term is naturally interpreted as the unique 
energy-momentum tensor multiplet. 

4 . 1.2 A2n+1 

7l 72 73 72n 72n+l 

o—o—o—►-o—o 


Figure 6: The BPS quiver for the A 2 n+i Argyres-Douglas theory in the sink/source chamber. 


For the A 2 n+i Argyres-Douglas theory, the 4d central charge is C 4 d = [30,32, 

48,49]. There is an 17(1) flavor symmetry if n > 1 and an SU{2) flavor symmetry if n = 1. 
From the 4d/2d relation C 2 d = — 12c4d, we determine the 2d central charge of the chiral 
algebra to be 


C2d 


2(3n2 + 5n + 1) 
n -I- 2 


( 4 . 18 ) 


We will choose the lattice vector yj for the flavor symmetry to be 


7/ - y^(-i)'72i+i 

i=0 


(4.19) 


We will normalize the trace of the flavor generator to be 


Tr[^7, = 




if n = 1, 
(_l)ii+i;2 , if n > 1. 


(4.20) 


Again in the sink/source chamber, the KS operator is given by (4.2). Following an 
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identical calculation as the A 2 n case, the trace of the KS operator can be written as 


Tr[C'(,)] 


oo 

z 

ll,--- /2n + l, 
kl,--- ,k2n+l=0 




^2(^l+^3)+fc4(<?3+^5) + ---fc2n(^2n-l+^2n+l) 


n 2n+l 
i=l 


i(l)kA(l)ei 


X Tr 


n AA’ n AA 

.JGodd /Geven 


( 4 . 21 ) 


Using (4.19), we can perform the following replacement 


( 4 . 22 ) 

i=l 


The traces on the even nodes then enforce the Kronecker delta 5k2i/2i while those on the odd 
nodes enforce (except for 71 which has already been solved for 

in terms of other charges in (4.22)). Assuming our conjecture Xa 2 „+i{< 1 -i z) = (g)^Tr[(!l(g)], 
we obtain the Schur index for the A 2 n+i Argyres-Douglas theory 


^A2n + l{q:Z) 


OO 

(9)1" E 

il,--- /2n + l, 

kl,--- ,fc2n+l=0 


(-i)j; 


2n + l 
i=l 




1 v-'2n + l 

2 2^1=1 


(fci+7)+E"— 1 


i2jii2j-l+i2j + l) 


n 2n+l 
i=l 


iq)kAq)e^ 


n n 

X [( —'^fc2i,«21 n '^(-l)2+lfcl+fc2j + l,(-l)^' + l^l+%+l • 
i=l j=l 


(4.23) 


Because of the isomorphism = A^, the A 3 Argyres-Douglas theory is special in the 
A 2 n+i series and we defer its discussion to §4.2.1 where we treat the whole series D 2 n+i 
uniformly. The g-expansion for the first few A 2 n+i theories with n > 1 is 

IaM = l + q+{z + x“^)gi + 3q^ + (2x 2x-^)gi + (x^ + 5 + x“^)g^ 

{4z H- 4 x“^)g 5 + ( 2^2 + 10 -h 2z~‘^)q‘^ + {z^ -h 8 x z~^)q^ H-, (4.24) 

IaM) = l + q+{z + S + z^q^ + {2z + 5 + 2zMq^ + M + 4z + 10 + 4z-^ + z^q^ + ■■■ , 

IaM) = l + q + 3 q^ + {z + z~M^ H-• 

Note that the linear term in q encodes the correct U(l) flavor symmetry. As a consistency 
check, we note that the above g-expansions agree with the formula conjectured in [39]. 



4.2 Dn Theories 
4 . 2.1 D^n+l 


72n+l 



Figure 7: The BPS quiver for the D 2 n+i Argyres-Douglas theory in the sink/source chamber. 


The D 2 n+i theory has an SU{2) flavor symmetry. The Ad central charges cm = f and 
the flavor central charge k 4 d = 2^40 [30,32,49]. Using the Ad/2d relations, C 2 d = — 12 c 4 rf 
and k 2 d = —\k 4 d 1 we have the following 2 d central charge and level. 


C 2 d = - 6 n, 


k2d — 


An 

2 n + 1 ’ 


Note that in this case the SU ( 2 ) Sugawara central charge 


( 4 . 25 ) 


D2n+1 ■ 


CSug 


3/C2d 
k2d + 2 


- 6 n = C2d , 


(4.26) 


saturates the 2d central charge C 2 d- This strongly suggests that the chiral algebra for the 
D 2 n+i Argyres-Douglas theory is the Kac-Moody algebra SU(2) 4 „ . Indeed, we will check 

2n+l 

that the Schur index of the D 2 n+i Argyres-Douglas theory equals to the vacuum character 
of SU(2) 4 n as conjectured by [37,38]. 

2n+l 

We choose the flavor lattice vector to be 


7/ = 72n+l - 72n • (4.27) 

We normalize the trace of the flavor generator to be 

Tr[X^f] = . (4.28) 

We again work in the sink/source chamber where 72 , 74 , , 72 n, 72 n+i are sinks and 
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7 i, 73 , • • • , 72 n-i are sources. The KS operator is again given by (4.2). By a similar calcu¬ 
lation as in A 2 n+i, the trace of the KS operator can be written as 


TV| 0 («)] = ^ 


^ '^'jk2n + k2n + l+£2n+f2n + l ^ 7+| (fen + fen + l-|-^2n-|-^2n + l) 


(9)fc2n(9)fc2n+l(?)^2„(?)Wl 11^=1 


/2n+l, 

k2n,k2n+l=0 


(4.29) 


y „(-2n.-l(i2n.-2 + k2n+k2n+l)+Yl"=l ^2ii(-2i-l+i2i+l) 'T’.p \ V — k2n+(-2n V-k2n + l+(-2n+l' 
y L 72n 72n+l 


Note that we have already performed the trace on X^. which enforces = ki for i = 
1, • ■ ■ , 2n — 1. Using (4.27), we can replace 


Y = Y Y 

^ 72 n + l ^ 72 n^ 7 / * 


(4.30) 


Assuming our conjecture '^D2n+l (g) = (g)^Tr[(9(g)], we arrive at our hnal expression for 


2n + l \~'2n + l i^2n-\-l 


Q 


E ^n + i p ,1 + 

i=l 2 ^i,j = 


1 “ij 77 


D 2 „+i(g, ) 

k2n,k2n + l=0 
N/ .y2(£2n + l ^2n+l) X 

^ ^ ^k2n+k2n + l,^2n+^2n+l 1 

where 6^""+' = + 26ij and is the Cartan matrix of Dan+i- 

On the other hand, the vacuum character of SU (2) 4 « can be derived straightforwardly 

by applying the Kac-Wakimoto formula [51], 


2n + l 


X 


5i7(2)_ 4n 

2n+l 




nr=i(i - ?”)(! - ^V)(i - ^“V) £: 




y2m+l _ (2m+l) 


^ ^ " ^=7=±i)(2n+l) 


(4.32) 


m=0 


z — z 


-1 
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The g-expansion for the Schur indices of the hrst two D 2 n+i theories are listed below. 


-) = 1 + xf‘+ (xf + xT'=’ + xT'^') (*-) e 

+ (xf® + 2xf® + xf'^' + xf'^')W‘'’ 

+ (2xf'+ 3xf+ 3xf'+ xf® + xf<^') (^) ?“ + ... , (4,33) 

X) = 1 + xf(X), + (xf ® + Xf+ Xf <^') (X) 

+ (xf® + 3xJ“'nxf'^'+xf®)(x)«’ 

+ (3xf + 4xf+ 4xf ® + xf + xf''^>) (X) <,-> + ■■■ . (4,34) 

They match with the g-expansions for the vacuum characters of SU (2) 4 n (4.32) exactly. 
This strongly supports our claim, 

XD 2 „+i(g, z) = (g, z). (4.35) 


4 . 2.2 D2n+2 


7i 72 73 

O-O-O 


72n+2 



Figure 8 : The BPS quiver for the T* 2 n +2 Argyres-Douglas theory in the sink/source chamber. 

The T* 2 n +2 Argyres-Douglas theory has an SU{2) x 17(1) flavor symmetry for n > 1 and 
SU{3) flavor symmetry for n = 1. The 47 central charge and the flavor central charge are 
C 4 rf = f + I and k^d = [30,32,48,49]. Using the 47/27 relations C 2 d = —l^c^d and 

k 2 d = —\kM) we obtain 

C 2 d = -6n-2, k2d = . (4.36) 

n+1 
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For the special case of D 4 , the SU{3) Sugawara central charge saturates the 2d central 
charge, 

A : csug = = -8 = C2d . (4.37) 

Indeed, we will check that the Schur index of the D 4 Argyres-Douglas theory agrees with 
the vacuum character of SU{ 3)_3 as conjectured by [37,38]. 

We will choose flavor lattice vectors to be 

n 

7/i = l2n+2 - 72n+l , 7/2 = ^(-l)*72j+l • (4.38) 

i=0 

We will use y,x as variables for the characters of SU{2) x 77(1), with the convention 
^sc/( 2 )(^) _ ^ _l_ y-i_ theory enjoys an enhanced SU{3) flavor symmetry and we 

discuss the convention for that case in more detail later. To match with this convention for 
the characters, we need to normalize the trace of the flavor generators in the following way. 


xy 


if n is odd , 
if n is even. 


1V|X„J=J/V Tl'[Ayj = 

Finally, using (4.38), we can then replace the generators and by 


(4.39) 


Y _ Y Y 

^72n + 2 ^7/i^72n+l 5 




l2i+l 


(4.40) 


2=1 


After a similar calculation as for the D 2 n+i Argyres-Douglas theory, we obtain the Schur 
index of the D 2 n +2 Argyres-Douglas theory. 


^D 2 „+ 2 {(l,x,y) = 




1 Y^2ri + 2 ^-^271-1-2^ ^ 


h,--- /2n+2, 
kl,--- ,k2n + 2=0 


X (Tr|W,j) 


^ 2 n +2 —fc 2 n +2 


' n—1 


X 


5 


/ 2 i 


(4.41) 


v 2 =l 


(5(-l)* + lfcl+A:2i + l,(-l)' + 7l+£2*+l ) ®(-l)"+lfcl+fc2n+l+fc2n+2,(-l)"+7l+fen + l+fen + 2 1 

^ 2=1 


where + 2Sij with the Cartan matrix of D 2 n+ 2 - The traces of the 

flavor generators Tr[X.y^ ] are given in (4.39) as functions of the flavor fugacities x,y. 
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Let us start with the Argyres-Douglas theory. The D 4 theory enjoys an enhanced 
SU{3) flavor symmetry so it would be more appropriate to change the flavor fugacity 
variables x, y to the standard variables zi, Z 2 of the SU (3) character.The relation between 
X, y and Zi, Z 2 is 

X = Z 2 ^ , y = Z 1 Z 2 ^ . ( 4 . 42 ) 

Equivalently, we have Tr[X.y^J = y"^ = zfz^^ and = xy = ziz'^'^. 

The g-expansion of the Schur index for the Argyres-Douglas theory is 

loM, *-.) = 1 + 1 + (xf+ xf+ xlU) 

+ (xf+ 2xf ® + xib=' + xT' + xfb^> + X^f®) (4.43) 

+ (2xf'+ 4xf <=’> + xt?'*' + xg''“> + Sxf?*^’' + xS''*> + xS'“> + xTU + xlT) 9^ + ''' . 

where we have suppressed the explicit 2 : 1 , 2:2 dependence on the SU{3) characters. This 
exactly matches the expansion of the vacuum character of SU{3)_3, which can be computed 
using the Kac-Wakimoto formula [51] (see [39] for the explicit g-expansion). This supports 
the claim 

XdMui,Z 2) = XsUJ^)_^{(l,Zi,Z2). ( 4 . 44 ) 

For the other D 2 n +2 theories, the flavor symmetries are SU{2) x U{1) and we record the 
g-expansion of their Schur indices below. 

y) = i + (xU> + xU‘>) ? + (X + x-‘)xf ® yl 

+ (sxf® + 2xf'+ xf'^>) + (X + x-‘) (2xf+ xf'^’) d 

+ [5xf+ (x^ + 6 + x-^)xf W + 2xf'+ xf]?“ + ■■■• (4.45) 

W,,x.,) = l + (xf® + xf'^')« 

+ [3xf+ (X + x-‘)xf'+ 2x|‘''^' + xf^>] 

+ [5xf'+ (X + x-‘) (2xf+ xD^O + 6xf'+ 2xf+ xf=’] + ''' . 

where we have suppressed the y-dependence on the SU (2) characters. As a final consistency 
check, we note that the above g-expansions agree with the formula conjectured in [39]. 

Our convention is such that Z2) = zi + Zi^Z2 + z^^- 
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4.3 En Theories 



Figure 9: The BPS quiver for the Eq Argyres-Douglas theory in the sink/source chamber. 

The Eq Argyres-Douglas theory has no flavor symmetry. The Ad central charge is 
Cid = ^ [30,32]. Using the Ad/2d relation, we obtain the 2d central charge. 


C2d — 


(4.46) 


On the other hand, for coprime integers p/p > 3, the central charge of the {p,p') minimal 
model of the IU 3 algebra is [52,53] 


c^^\p,p') = 2 1 - 12 


Xp-p'Y 


(4.47) 


Note that C 2 d = —114/7 is also the central charge of the (3,7) minimal model of W 3 algebra. 
Indeed we will show that the Schur index of the Eq Argyres-Douglas theory equals to the 
vacuum character of the (3,7) W 3 minimal model. 

The trace of the KS operator can be computed in a similar way as the A 2 n case. Assum¬ 
ing the conjecture (<?) = ( 5 ')LTr[C^( 5 ')], we obtain the Schur index of the Eq Argyres- 
Douglas theory. 


= {q)lo 








(4.48) 


= 1 + Og + + 2g3 + 3g^ + 3g^ + 6g® + 7g^ + llg® + 14g® + 20g^° + 25g^^ + ■ ■ • , 


where hf/^ = —CE + 2(5*,• and CE is the Cartan matrix of Eq. 

On the other hand, the vacuum character of the (3,7) W 3 minimal model is [54] (see 
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X 


4.4 for more details) 




[(g;g)c 


[(?; <f)oo{q^\ g^)oo[(g®; 


(4.49) 


= l + Qq + q^ + 2q^ + 3g^ + 3g® + 6g® + 7g^ + llg® + 14g® + 20g^° + 25g^^ + ■ ■ • , 
where the g-Pochhammer symbol (a; q)n is dehned as 


n—1 

(a; g)n = ^ 

i=0 

In particular, {q]q)n = {q)n = nfc=i(l “ g^)- The match of the g-expansion strongly 
supports our conjecture that the Eq Schur index is the same as the vacuum character of 
the (3,7) Ws minimal model, 

Ti?6(g) = x'^^’^'’"Hg). (4.51) 

4 . 3.2 Er 


O 


7i 72 

O-O 


73 74 75 76 

O-<>-O-O 


Figure 10: The BPS quiver for the E^ Argyres-Douglas theory in the sink/source chamber. 

The El Argyres-Douglas theory has an 17(1) flavor symmetry. The 4d central charge is 
C 4 d = |4 [30,32], which gives the 2d central charge 

93 

C2d = -^. (4.52) 

5 

Choose the flavor lattice vector to be 

7/ = 74 - 76 - 77 • (4.53) 
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We can then replace by 


Y _ Y~^ Y Y~^ 

^77 ~ ^ 7 / ^74^76 • 

We will normalize the trace of the flavor generator to be 

Tr[X^^] = — 2 :. 


(4.54) 


(4.55) 


The trace of the KS operator can be similarly computed to be 

^y]Li(fci+4)gfc2hl+^3)+fe4(^3+<^5)+fc6^5+fc7^3 


T''!®!?)] = E 


ki,“‘ 5 / 27=0 


nl=i(?)fc.(?)4 


X Tr 


n ^-fc2i-i+^2*-i v-kr+ir I I I Y 
72Z-1 77 111' 


— k2i+i2i 
72i 


y2=l 


y2 = l 


(4.56) 


(4.57) 


Now using (4.54) and assuming our conjecture lEriQ,^) = Tr[C>(g)], we obtain the Schur 
index of the Argyres-Douglas theory, 


^eMx) 


00 

{(ifoo 

^ 1 ,-/ 7 , 

/ci 5 / 27=0 


^ — \ X]I—l(^*+-^*)^^2('^l+'^3)+/'^4('^3+^5)+/^6'^5+^7'^3 


X (—x) Sk^+krM+h^ke -krA-i? n (4.58) 

ie{l,2,3,5} 

= l + q+{z + z~^)q^ + 3(?^ + (2x"^ + 2z)q^ + {z~‘^ + 6 + z‘^)q^ + (5x"^ + 5z)q'^ 

+ (2x- 2 + 12 + 2x2)g4 + (^-3 ^ ^Q^-i ^ ^ ^ ('g^-2 + 21 + 6z^)q^ + ■■■ . 


The linear term q comes from the 77(1) flavor symmetry current multiplet while one of the 
terms comes from the stress-energy tensor multiplet. 


4 . 3.3 Es 

The E^ Argyres-Douglas theory has no flavor symmetry. The 4d central charge is 04 ^ = || 
[30,32]. Using the Ad/2d relation, we obtain the 2d central charge, 

C 2 d = -23 . (4.59) 

We note that —23 is also the central charge of the (3,8) minimal model of W 3 algebra (4.47). 
Indeed we will show that the Schur index of the Ug Argyres-Douglas theory equals to the 
vacuum character of the (3,8) W 3 minimal model. 


36 



9 


7l 72 73 74 75 76 77 
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Figure 11: The BPS quiver for the Argyres-Douglas theory in the sink/source chamber. 


The Schur index of the Argyres-Douglas theory can be derived in a similar way as 
A 2 n and the Eq case, 


qZ^i=l ^ 4^2 ^ij = l ^ij ^'^^3 


^Es{(l) {q)oo ^ ^ -p-i-a r/ \ 12 ' 

q,^=o U^=l[i(!)e.? 

= 1 + Og + + 2g3 + 3g4 + 4^5 ^ 7^6 ^ ^ 


(4.60) 


where bff = —Cff + 25ij and is the Cartan matrix of Eg. 

LJ ‘'J 3 IJ ^ 

On the other hand, the vacuum character of the (3,8) IT 3 minimal model is [54] (see 
§4.4 for more details) 


X^"’(3’8)(g) 


[(g;9®)oo]^(g^g8)oo(g^g8)oo[(g^;g8)oo]^ 
l + 0q + q‘^+ 2q^ + 3g^ + 4g^ + 7g® + ■ • • , 


which supports our claim 


(4.61) 


= (4.62) 

4.4 Generalized Argyres-Douglas Theories 

In this subsection we will generalize our previous observations on the A 2 n, Eq, Eg theories 
and propose that the Schur indices of the an inhnite family of generalized Argyres-Douglas 
theories are given by the vacuum characters of Wk minimal models. 

The generalized Argyres-Douglas theory [19,28,30,32] is dehned by a BPS quiver labeled 
by two ADE algebras {G, G'). The labeling is symmetric so the theory [G, G') is the same 
as the theory {G',G). The ordinary Argyres-Douglas theory labeled by G corresponds to 
the special case of (Ai,G). 

In particular, the BPS quiver for the (Afc_i, A^v-i) Argyres-Douglas theory is shown in 
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Figure 12: The BPS quiver for the {Ak-i, Argyres-Douglas theory in the sink/source 

chamber. 


Figure 12. This theory has singular Seiberg-Witten curve 


= 0 . 


(4.63) 


The rank of the flavor symmetry is given by [28] 

gcd(/c, iV) — 1. (4.64) 

In the following we will focus on the special case where there is no flavor symmetry, i.e. 

{Ak-i,AN-i) with gcd(A;,iV) = 1. (4.65) 

The BPS states of these models are more complicated that the models studied in previous 
sections [55]. In particular there are more stable BPS states than nodes of the quiver and 
we do not know directly how to evaluate Tr[(P(g)]. Nevertheless, we can make a reasonable 
conjecture as to the result. 

The Ad central charge of these theories are extracted from [32], C 4 rf(/c, N) = 
for k and N coprime. Using the Ad/2d relation c^d = — 12c2d, we determine the 2d central 
charge of the underlying chiral algebra to be 

N) = - ~ ~ N + kN) ^ it gcd(i,iV) = l, (4.66) 
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Note that the central charge is symmetric in k and N, C 2 d{k, N) = C 2 d{N, k), reflecting the 
fact that the generalized Argyres-Douglas theory labeled by {Ak-i, Ajsf-i) is the same as 

(Aat-i, Afc_i). 

On the other hand, the minimal model of the Wk algebra is labeled by two coprime 
integers p, p' with p',p > n, whose central charge is given by [52,56] 

(p, p') = (k-l)\l-k{k + l) , (4.67) 

L VP \ 

We recognize that the 2d central charge (4.66) of the (Afc_i,Ajv-i) generalized Argyres- 
Dougals theory is equal to that of the (/c, k + N) Wk minimal model, 

C2d{k,N) = c^^\k,k + N). (4.68) 

We therefore conjecture that the chiral algebra of the {Ak-i-, Ajsi-i) Argyres-Douglas theory 
is given by vacuum sector of the (/c, k -\- N) Wk minimal model. 

Since the (Afc_i, Atv-i) Argyres-Douglas theory is the same as that labeled by (Atv-i, Ak-i), 
for this conjecture to be true, there must be some equivalences between the W algebra min¬ 
imal models. Indeed, using their coset constructions, it has been shown that [57], 

(/c, k + N) Wk minimal model = {N, N + k) IWv minimal model. (4.69) 

In particular, 

c‘^^\k,k + N)=c^^\N,N + k). (4.70) 

This equivalence further solidifies our proposal. 

A consequence of our conjectured identification of the Schur operators in the (A^v-i, Ak-i) 
Argyres-Douglas theory as the vacuum sector of the (/c, k + N) Wk minimal model is that 
Schur index must equal to the associated vacuum character which has a compact closed form 
expression. In general the character, or equivalently, the highest weight of the {k, k + N) 
Wk minimal model is labeled by a tuple of positive integers 

(jo,ji,--- ,A-i) , (4.71) 

such that Ji = ^ + ^■ The labeling is not unique and we need to identify the two 

highest weights (jo; Ji; • • • ; Jfc-i) if they differ by a cyclic permutation [53]. 

Explicitly, the character of the highest weight module labeled by (jo; Ji; • • ■ ; Jfc-i) in the 
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{k, k + N) Wk minimal model is given by [54] (see also [53,58-60]), 


Wu,{k,k+N) . 


^k+N.„k+N\ -ik-lk-lk-l 


( 9)00 




+ia+6-l . 

5 H 


(4.72) 


a=l b=0 


where we define j* = jj/ iii = i' (mod n). Indeed, the character is manifestly cyclic invariant 
in jVs. 

The (/c, k + N) Wk minimal model character that is of particular interest to us is the 
vacuum character, which is labeled by 


jQ = N + 1, j4 = j 2 = ■ ■ ■ = ik-i = 1 , 


(4.73) 


or a cyclic permutation thereof. One can check that the dimension of the highest weight 
state is indeed zero [53]. Then, from (4.72), the vacuum character is 


Wk,{k,k+N) 

AO 


(5) - 


(g 


k-\-N. ^k-\-N 
) H 


(?)c 


k-l k-1 


ni(« 

a=l 


7V+a. ^k+N\ ] 

5 y )oo_ 




k+N\ ik—a 
ioo 


(4.74) 


We therefore have the following conjecture for the Schur index of the {Ak-i, Ai^_i) gener¬ 
alized Argyres-Douglas theory. 

Conjecture ; X(A,_i,A^_p(g) = xj""’> if gcd{k,N) = 1. (4.75) 


Our previous calculations may be interpreted as evidence for this proposal. Indeed: 

• In §4.1.1 we observed that 

XAjv-i-(Ai,A^_i)(g) = > for iV odd. (4.76) 


• Next, consider the {A 2 ,A^) theory. In this case the singularity (4.63) is equivalent to 
the Eq singularity. Moreover the equivalences between the two BPS quivers may be 
demonstrated by mutation. In §4.3.1, we found 


lEenA2,A3){(l) 


(4.77) 


• Finally, consider the (^ 2 ,^ 4 ) theory. Again in this case we recognize the singularity 
to be of Es type and again the two quivers are mutation equivalent. In §4.3.3, we 
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found 


^EsnA2,Ai)i(l) = ■ (4.78) 

It would be interesting to evaluate the trace of 0(g) and verify this idea. 


Acknowledgements 

We thank Chris Beem, Nathan Benjamin, Chi-Ming Chang, Thomas Dumitrescu, Daniel 
Jafferis, Ying-Hsuan Lin, and Andrew Neitzke, Natalie M. Paquette, Cumrun Vafa, Dan 
Xie, and Xi Yin for discussions. The work of CC is support by a Junior Fellowship at 
the Harvard Society of Fellows. The work of SHS is supported by the Kao Fellowship at 
Harvard University. 


References 

[1] J. Kinney, J. M. Maldacena, S. Minwalla, and S. Raju, “An Index for 4 dimensional 
super conformal theories,” Commun.Math.Phys. 275 (2007) 209-254, 
arXiv:hep-th/0510251 [hep-th]. 

[2] A. Gadde, L. Rastelli, S. S. Razamat, and W. Yan, “The 4d Superconformal Index 
from q-deformed 2d Yang-Mills,” Phys.Rev.Lett. 106 (2011) 241602, 

arXiv:1104.3850 [hep-th]. 

[3] A. Gadde, L. Rastelli, S. S. Razamat, and W. Yan, “Gauge Theories and Macdonald 
Polynomials,” Commun.Math.Phys. 319 (2013) 147-193, arXiv: 1110.3740 
[hep-th]. 

[4] S. S. Razamat, “On a modular property of N=2 superconformal theories in four 
dimensions,” JHEP 1210 (2012) 191, arXiv: 1208.5056 [hep-th]. 

[5] S. S. Razamat, “On the M = 2 superconformal index and eigenfunctions of the 
elliptic RS model,” Lett.Math.Phys. 104 (2014) 673-690, arXiv: 1309.0278 
[hep-th]. 

[6] S. S. Razamat and B. Willett, “Down the rabbit hole with theories of class S” JHEP 
1410 (2014) 99, arXiv:1403.6107 [hep-th]. 

[7] A. Gadde, E. Pomoni, L. Rastelli, and S. S. Razamat, “S-duality and 2d Topological 
QFT,” JHEP 1003 (2010) 032, arXiv:0910.2225 [hep-th]. 


41 



[8] T. Kawano and N. Matsumiya, “5D SYM on 3D Sphere and 2D YM,” Phys.Lett. 
B716 (2012) 450-453, arXiv : 1206. 5966 [hep-th] . 

[9] Y. Fukuda, T. Kawano, and N. Matsumiya, “5D SYM and 2D q-Deformed YM,” 
Nucl.Phys. B869 (2013) 493-522, arXiv: 1210.2855 [hep-th], 

[10] N. Mekareeya, J. Song, and Y. Tachikawa, “2d TQFT structure of the 
superconformal indices with outer-automorphism twists,” JHEP 1303 (2013) 171, 
arXiv: 1212.0545 [hep-th], 

[11] Y. Tachikawa and N. Watanabe, “On skein relations in class S theories,” 

arXiv:1504.00121 [hep-th], 

[12] C. Beem, M. Lemos, P. Liendo, W. Peelaers, L. Rastelli, et ai, “Inhnite Chiral 
Symmetry in Four Dimensions,” Commun.Math.Phys. 336 no. 3, (2015) 1359-1433, 
arXiv:1312.5344 [hep-th], 

[13] C. Beem, W. Peelaers, L. Rastelli, and B. C. van Rees, “Chiral algebras of class S,” 
JHEPlbOb (2015) 020, arXiv: 1408.6522 [hep-th], 

[14] M. Lemos and W. Peelaers, “Chiral Algebras for Trinion Theories,” JHEP 1502 
(2015)113, arXiv:1411.3252 [hep-th], 

[15] L. Rastelli and S. S. Razamat, “The superconformal index of theories of class 5,” 
arXiv:1412.7131 [hep-th], 

[16] M. Kontsevich and Y. Soibelman, “Stability structures, motivic Donaldson-Thomas 
invariants and cluster transformations,” arXiv: 0811.2435 [math. AG] . 

[17] T. Dimofte, S. Gukov, and Y. Soibelman, “Quantum Wall Crossing in N=2 Gauge 
Theories,” Lett.Math.Phys. 95 (2011) 1-25, arXiv :0912.1346 [hep-th], 

[18] D. Gaiotto, G. W. Moore, and A. Neitzke, “Framed BPS States,” 

Adv.Theor.Math.Phys. 17 (2013) 241-397, arXiv: 1006.0146 [hep-th], 

[19] S. Cecotti, A. Neitzke, and C. Vafa, “R-Twisting and 4d/2d Correspondences,” 
arXiv:1006.3435 [hep-th], 

[20] A. Iqbal and C. Vafa, “BPS Degeneracies and Superconformal Index in Diverse 
Dimensions,” Phys.Rev. D90 no. 10, (2014) 105031, arXiv : 1210.3605 [hep-th], 

[21] S. Cecotti and C. Vafa, “On classihcation of N=2 supersymmetric theories,” 
Commun.Math.Phys. 158 (1993) 569-644, arXiv:hep-th/9211097 [hep-th], 

[22] C. Vafa, private communication. 


42 



[23] P. C. Argyres and M. R. Douglas, “New phenomena in SU(3) supersymmetric gauge 
theory,” Nud.Phys. B448 (1995) 93-126, arXiv:hep-th/9505062 [hep-th]. 

[24] P. C. Argyres, M. R. Plesser, N. Seiberg, and E. Witten, “New N=2 superconformal 
held theories in four-dimensions,” Nud.Phys. B461 (1996) 71-84, 
arXiv:hep-th/9511154 [hep-th], 

[25] T. Eguchi, K. Hori, K. Ito, and S.-K. Yang, “Study of N=2 superconformal held 
theories in four-dimensions,” Nud.Phys. B471 (1996) 430-444, 

arXiv:hep-th/9603002 [hep-th]. 

[26] T. Eguchi and K. Hori, “N=2 superconformal held theories in four-dimensions and 
A-D-E classihcation,” arXiv:hep-th/9607125 [hep-th], 

[27] D, Gaiotto, N, Seiberg, and Y, Tachikawa, “Comments on scaling limits of 4d N=2 
theories,” JHEP 1101 (2011) 078, arXiv: 1011.4568 [hep-th], 

[28] M. Del Zotto and A. Hanany, “Complete Graphs, Hilbert Series, and the Higgs 
branch of the 4d A/” = 2 (An, Am) SCFTs,” Nud.Phys. B894 (2015) 439-455, 
arXiv:1403.6523 [hep-th], 

[29] G. Bonelli, K. Maruyoshi, and A. Tanzini, “Wild Quiver Gauge Theories,” JPIEP 
1202 (2012) 031, arXiv:1112.1691 [hep-th], 

[30] D. Xie, “General Argyres-Douglas Theory,” JEIEP 1301 (2013) 100, 
arXiv:1204.2270 [hep-th], 

[31] D. Xie, “Network, cluster coordinates and N = 2 theory H: Irregular singularity,” 
arXiv:1207.6112 [hep-th], 

[32] D. Xie and P. Zhao, “Central charges and RG how of strongly-coupled N=2 theory,” 
JHEP 1303 (2013) 006, arXiv: 1301.0210. 

[33] A. D. Shapere and C. Vafa, “BPS structure of Argyres-Douglas superconformal 
theories,” arXiv:hep-th/9910182 [hep-th], 

[34] S. Cecotti and C. Vafa, “Classihcation of complete N=2 supersymmetric theories in 4 
dimensions,” Surveys in differential geometry 18 (2013) , arXiv: 1103.5832 
[hep-th]. 

[35] M. Alim, S. Cecotti, C. Cordova, S. Espahbodi, A. Rastogi, et ai, “BPS Quivers and 
Spectra of Complete N=2 Quantum Field Theories,” arXiv: 1109.4941 [hep-th]. 


43 



[36] M. Alim, S. Cecotti, C. Cordova, S. Espahbodi, A. Rastogi, et ai, “A/” = 2 quantum 
field theories and their BPS quivers,” Adv.Theor.Math.Phys. 18 (2014) 27-127, 
arXiv:1112.3984 [hep-th]. 

[37] C. Beem, “Chiral Symmetry Algebras from Superconformal Symmetry in Four 
Dimensions,” Crete Center for Theoretieal Physies, Seminar at Crete Center for 
Theoretieal Physics, July 2014 ■ 

[38] L. Rastelli, “Infinite Chiral Symmetry in Four and Six Dimensions,” Seminar at 
Harvard University, November 2014 ■ 

[39] M. Buican and T. Nishinaka, “On the Superconformal Index of Argyres-Douglas 
Theories,” arXiv: 1505.05884 [hep-th]. 

[40] M. Buican and T. Nishinaka, “Argyres-Douglas Theories, S^ Reductions, and 
Topological Symmetries,” arXiv: 1505.06205 [hep-th]. 

[41] M. Buican, T. Nishinaka, and C. Papageorgakis, “Constraints on chiral operators in 
A/” = 2 SCFTs,” JHEP 1412 (2014) 095, arXiv: 1407.2835 [hep-th]. 

[42] M. Buican, S. Giacomelli, T. Nishinaka, and C. Papageorgakis, “Argyres-Douglas 
Theories and S-Duality,” JHEP 1502 (2015) 185, arXiv: 1411.6026 [hep-th]. 

[43] F. Dolan and H. Osborn, “On short and semi-short representations for 
four-dimensional superconformal symmetry,” Annals Phys. 307 (2003) 41-89, 
arXiv:hep-th/0209056 [hep-th]. 

[44] C. Cordova and S.-H. Shao, “An Index Formula for Supersymmetric Quantum 
Mechanics,” arXiv: 1406.7853 [hep-th]. 

[45] K. Hori, H. Kim, and P. Yi, “Witten Index and Wall Crossing,” JHEP 1501 (2015) 
124, arXiv:1407.2567 [hep-th]. 

[46] B. L. Feigin, T. Nakanishi, and H. Ooguri, “The Annihilating ideals of minimal 
models,” Int.J.Mod.Phys. A7S1A (1992) 217-238. 

[47] A. Berkovich and B. M. McCoy, “Continued fractions and Fermionic representations 
for characters of M(p,p-prime) minimal models,” Lett.Math.Phys. 37 (1996) 49-66, 
arXiv:hep-th/9412030 [hep-th]. 

[48] O. Aharony and Y. Tachikawa, “A Holographic computation of the central charges of 
d=4, N=2 SCFTs,” JHEP OSOl (2008) 037, arXiv: 0711.4532 [hep-th]. 

[49] A. D. Shapere and Y. Tachikawa, “Central charges of N=2 superconformal field 
theories in four dimensions,” JHEP 0809 (2008) 109, arXiv: 0804.1957 [hep-th]. 


44 



[50] P. D. Francesco, P. Mathieu, and D. Senechal, Conformal Field Theory. Gradnate 
Texts in Contemporary Physics. Springer, 1997. 

[51] V. G. Kac and M. Wakimoto, “Modnlar invariant representations of 
infinite-dimensional lie algebras and snperalgebras,” Proeeedings of the National 
Aeademy of Seienees 85 no. 14, (1988) 4956-4960. 

[52] V. Fateev and A. Zamolodchikov, “Conformal Qnantnm Field Theory Models in 
Two-Dimensions Having Z(3) Symmetry,” Nuel.Phys. B280 (1987) 644-660. 

[53] P. Bonwknegt and K. Schontens, “W symmetry in conformal held theory,” 

Phys.Rept. 223 (1993) 183-276, arXiv:hep-th/9210010 [hep-th]. 

[54] G. Andrews, A. Schilling, and S. Warnaar, “An 02 bailey lemma and 
rogers-ramannjan-type identities,” Journal of the Ameriean Mathematieal Soeiety 12 
no. 3, (1999) 677-702. 

[55] S. Cecotti and M. Del Zotto, “F systems, Q systems, and 4D Af = 2 supersymmetric 
QFT,” J.Phys. A47 no. 47, (2014) 474001, arXiv: 1403.7613 [hep-th]. 

[56] V. Fateev and S. L. Lukyanov, “The Models of Two-Dimensional Conformal 
Quantum Field Theory with Z(n) Symmetry,” Int.J.Mod.Phys. A3 (1988) 507. 

[57] D. Altschuler, M. Bauer, and H. Saleur, “Level rank duality in nonunitary coset 
theories,” J.Phys. A23 (1990) L789-L794. 

[58] S. Lukyanov and V. Fateev, “Additional Symmetries and Exactly Solvable Models in 
Two Dimensional Conformal Field Theory,” Sou. Sei. Rev. A. Phys. 15 (1990) 1. 

[59] P. Bonwknegt, J. G. McCarthy, and K. Pilch, “Some aspects of free held resolutions 
in 2-D CFT with application to the quantum Drinfeld-Sokolov reduction,” 
arXiv:hep-th/9110007 [hep-th]. 

[60] E. Frenkel, V. Kac, and M. Wakimoto, “Characters and fusion rules forw-algebras via 
quantized drinfeld-sokolov reduction,” Communieations in Mathematical Physics 147 
no. 2, (1992) 295-328. 


45 



